
Physics 214 UCSD 
Lecture 11 

•  CP symmetry and violation 
•  Simple example 
•  Unitarity matrix for leptons and quarks 

•   Beginning of Neutrino Physics 
• I don’t have time to discuss this in the detail it 
deserves. Am thus providing you a variety of 
additional sources for background reading on 
the course twiki. 



CP Symmetry 

•  So far, we talked about charge conjugation as the 
symmetry between particle and antiparticle. 

•  Well, that was good enough for QCD, but makes no 
sense in weak interactions. 

•  For weak interactions we need a simultaneous flip of 
Charge and Parity, or CP conjugation. 

•  We will discuss this in detail next quarter. Today, we 
simply introduce some basics, and introduce CP 
violation. 



Simple Example 
CP ( B0 -> K-π+ ) = B0 -> K+π-  
 
Theory: If the partial widths for these two 

decays are not the same, then CP is 
violated. 

Experiment: if the branching fractions for 
these two decays are not the same then 
CP is violated. 

b anti-d Meson anti-b d Meson 



Breaking CP  
is easy 

⇒ Add complex coupling 
    to Lagrangian. 
⇒ Allow 2 or more channels 
⇒ Add CP symm. Phase, 
    e.g. via dynamics. 
     

=
P + Te− i(δ −γ ) − P + Te− i(δ +γ )

P + Te− i(δ −γ ) + P + Te− i(δ +γ )

T,P are real numbers. 

The rest is simple algebra. 



CP Violation in Standard Model 

Note:  
-> VCKM is a 3x3 unitary matrix of couplings . 
-> It provides the complex coupling in the Lagrangian  
    to allow for CP violation. 
We’ll get back to the details next quarter.  



Breaking CP in Standard Model 
•  Where does the CP violating phase come from? 

–  3x3 unitary matrix => 3 angles + 6 phases 
•  2N2 parameters, N2 constraints from unitarity 

–  6 spinors with arbitrary phase convention 
•  Only relative phase matters because only |M|2 is physical. 
⇒ Only 5 phases can be used to define a convention. 

⇒  One phase left in 3x3 matrix that has physical 
consequences.  

x,y,z are Euler angles. c=cos, s=sin.  

Note: sin(z) = 0 <=> NO CP violating phase left !!! 



CP violation summary 
•  CP violation is easy to add in field theory: 

–  Complex coupling in Lagrangian 
–  Interference of channels with: 

•  Different CP violating phase 
•  Different CP conserving phase 

•  Standard Model implements this via: 
–  CP violating phase in charged current coupling across 3 

families 
–  CP conserving phase via: 

•  Dynamics, e.g. Breit Wigner resonance lineshape 
•  Flavor Mixing & oscillation in neutrino or quark sector 

–  The scale of CP violation allowed in the standard model 
quark sector is well measured, and not sufficient for 
cosmology. 

Let’s look at neutrino sector in some detail !  



Aside: Scale of CP violation 
•  Standard model allows for CP violation only in the 

quark sector. 
•  The existence of neutrino oscillations requires 

extending the standard model to include CP 
violation in the lepton sector. 

•  In hw3 problem 1c you will calculate what is 
sometimes called the “Jarlskog Invariant”. You will 
show that the scale of CP violation allowed 
depends on the product of 4 sin terms: 
–  The three family mixing angles 
–  The CP violating phase 



Mixing in Standard Model 

•  Weak eigenstates not equal mass eigenstates. 
–  Mass eigenstates responsible for propagation in time. 

•  Eigenstates of the Hamiltonian (excluding decay) are the mass 
eigenstates. 

–  Weak eigenstates responsible for production and/or 
decay. 

⇒  Oscillation between weak eigenstates as a 
function of time. 

⇒  Discuss this in detail for Neutrino sector now. 



Neutrino mixing in vacuum 
•  At the W vertex an electron-neutrino is created 

together with a positron. 
•  That electron-neutrino is a superposition of mass 

eigenstates: 

•  The time evolution of the mass eigenstate can be 
described either in its rest-frame or in the labframe: 

•  For interference among the mass eigenstates to be 
possible, they all have to have the same E because 
experimentally we average over time. 

€ 

ν e (t) = Uei
*

i=1

3

∑ ν i(t)

€ 

ν i(t) = e− imi ti ν i(0) = e− i(Ei t− pi L ) ν i(0)



Interference for same energy states  
•  A neutrino beam does of course include a spectrum of 

neutrino energies. 
•  Each neutrino acquires a phase factor according to its 

energy: 

•  Two neutrinos with differing energies will thus have a 
relative phase factor of: 

•  As the time between production and detection of the 
neutrino has a large spread, this phase factor leads to 
no observable interference. 

•  As a result, only states of equal energy contribute to 
the interference effect that is observed. 

e− iE j t

e− i(Ej −Ek )t



Oscillation Amplitude 

€ 

Amp(ν µ →ντ ) = ντ e
−iEt eipi L

i=1

3

∑ Uµi
* ν i

Amp(ν µ →ντ ) = e−iEt eipi L
i, j=1

3
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Next we taylor expand pi using: 
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+ ...



Oscillation Probability 

Amp(νµ →ντ ) = e
− iE (t−L ) e

− i
mi
2

2E
L

i=1

3

∑ Uµi
*Uτ i

Prob(νµ →ντ ) = Amp(νµ →ντ )
2
= e

− i
mi
2

2E
L
Uµi
*Uτ i

i=1

3

∑
2

In homework, you do this for the general case of N flavors. 
Here we do it for the simpler case of 2 flavors only. 
Note: For 2 flavors the Ujk are real, not imaginary. 



Simple math aside 

€ 

1− eix
2

= 1− cos x + isin x[ ]( ) 1− cos x − isin x[ ]( )
= 1− cos x[ ]2 + sin2 x

= 2 1− cos x( )

We’ll need this in a second. 



2 flavor oscillation probability 

This is a bit simplistic, as it ignores matter effects. 
We’ll discuss those in next lecture. € 
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Discussion of Oscillation Equation 

•  Depends on difference in mass squared. 
–  No mixing if masses are identical 
–  Insensitive to mass scale 
–  Insensitive to mass hierarchy because sin2x = sin2(-x) 

•  Depends on sin2(2θ) 
–  Need large mixing angle to see large effect 

•  Depends on L/4E 
–  Exp. with unfortunate L/E won’t see any effect. 
–  Exp. with variable L/E can measure both angle and mass squared difference. 
–  Exp. with Δm2 L/4E >>1 and some energy spread average over sin2 -> 1/2 
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Prob(ν e →ν µ ) = sin2 2θ sin2 (m1
2 −m2
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Experimental situation 

•  Sources of electron neutrinos 
– Sun 
– Reactors 

•  Sources of muon neutrinos 
– From charged pion beams 

•  Protons on target gives charged pions. 

– From charged pion decay in atmosphere 



Atmospheric neutrinos 
•  Expect νµ anti-νµ in equal numbers 
•  Expect νe half as many as νµ or anti-νµ  
•  Can change L as a function of Zenith angle. (L ~ 

15km to L ~ 13,000km) 
•  νe Oscillation to νµ 

=> See excess of νµ vs zenith angle 
•  νµ Oscillation to νe 

=> See excess of νe vs zenith angle 
•  νe Oscillation to ντ 

=> Deficit of νe vs zenith angle 
•  νµ Oscillation to ντ 

=> Deficit of νµ vs zenith angle 

Let’s walk through 
these arguments 

one by one! 



Atmospheric neutrinos 
•  Expect νµ anti-νµ in equal numbers 

–  There are equal number of π+ and π- produced in hadronic 
collisions in the atmosphere. 

•  π+ decays to µ+ νµ 
•  π- decays to µ- anti-νµ 

•  Expect νe half as many as νµ or anti-νµ  
•  π+ decays to µ+ νµ 
•  µ+ decays to anti-νµ + e+ + νe 
•  And accordingly for CP conjugate 

For every νe there is one νµ and one anti-νµ  
 because of anti-muon decay chain. 

For every anti-νe there is one νµ and one anti-νµ 
  because of muon decay chain. 



Atmospheric neutrinos 
•  Can change L as a function of Zenith angle. (L ~ 

15km to L ~ 13,000km) 

Earth 

Atmosphere 

L for different 
Zenith angles 



Atmospheric neutrinos 
•  νe Oscillation to νµ 

⇒  See excess of νµ vs zenith angle 
⇒  L depends on zenith angle. 
⇒  only specific L gives you maximal interference effect for a given E 
⇒  deficit of νe and excess of νµ at the appropriate zenith angle. 

•  νµ Oscillation to νe 
=> See excess of νe vs zenith angle 

•  νe Oscillation to ντ 
=> Deficit of νe vs zenith angle but no excess of νµ 

•  νµ Oscillation to ντ 
=> Deficit of νµ vs zenith angle but no excess of νe 



Super Kamiokande Results 

νe as expected 

νµ deficit 
largest at 
large L 

Left 2 plots: 

Right 2 plots: 



Interpreted as 
νµ -> ντ 
 
i.e. 23 mixing. 
 

Latest Result from 
RPP 2014 
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fluxes are found in Refs. [133,134] (Honda et al.), [135] (Bartol), and [136] (FLUKA)
with a typical uncertainty of 10 ∼ 20%.

The first compelling evidence for the neutrino oscillation was presented by the
Super-Kamiokande Collaboration (SK-I) in 1998 [17] from the observation of atmospheric
neutrinos. The zenith-angle distributions of the µ-like events which are mostly muon-
neutrino and muon antineutrino initiated charged-current interactions, showed a clear
deficit compared to the no-oscillation expectation. Note that a water Cherenkov detector
cannot measure the charge of the final-state leptons, and therefore neutrino and
antineutrino induced events cannot be discriminated. Neutrino events having their vertex
in the 22.5 kton fiducial volume in Super-Kamiokande are classified into fully contained
(FC) events and partially contained (PC) events. The FC events are required to have
no activity in the anti-counter. Single-ring events have only one charged lepton which
radiates Cherenkov light in the final state, and particle identification is particularly clean
for single-ring FC events. A ring produced by an e-like (e±, γ) particle exhibits a more
diffuse pattern than that produced by a µ-like (µ±, π±) particle, since an e-like particle
produces an electromagnetic shower and low-energy electrons suffer considerable multiple
Coulomb scattering in water. All the PC events were assumed to be µ-like since the PC
events comprise a 98% pure charged-current νµ sample.
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Figure 14.6: The 90% CL allowed regions from νµ disappearance results: T2K
2013 [23], T2K2011 [22], Super-Kamiokande [138], and MINOS [143]. The MINOS
contour was obtained by assuming identical neutrino and antineutrino oscillation
parameters. This figure is taken from Ref. 23.

Fig. 14.5 shows the zenith-angle distributions of e-like and µ-like events from the SK-I
measurement [137]. cosθ = 1 corresponds to the downward direction, while cosθ = −1
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θ23 ≈ 45
! m2

2 −m3
2 ≈ 0.0025eV 2



Interpretation 

•  Atmospheric must be νµ -> ντ 
– electron appearance is ruled out. 

•  Since then, OPERA saw 3 events of tau 
appearance in a muon neutrino beam from 
CERN to Gran Sasso. 
– νµ -> ντ now firmly established. 



Neutrinos from the Sun 
•  Many mechanisms, all leading to electron neutrinos 

with varying energies. 
–  Expect: 0.5 sin2(2θ) of solar model flux convolved with 

energy dependent efficiency if electron neutrino oscillations 
exist. 

•  Neutrino energy too low to produce muons or taus. 
–  For decades, all experiments could measure was a neutrino 

flux half that of the solar neutrino model prediction. 
•  People did not trust the model nor experiments as both are quite 

complicated! 
–  Super Kamiokande was first to have pointing accuracy, and 

thus show that flux came from sun. 
–  SNO showed that total neutrino flux agrees with solar model, 

and electron neutrino flux is short by factor 2. 



Solar Model is Quite Complex 



Neutrino Energies are quite small 
Very Challenging Experimentally for many decades  



Super-Kamiokande showed that deficit in low energy  
neutrinos is due to neutrinos that come from the sun. 



SNO allowed CC and NC, and was thus sensitive to all neutrino 
flavors => measures solar flux and electron neutrino flux. 

Interpreted as 
νe -> νµ 
 
i.e. 12 mixing 
 

Total flux 



Charged vs Neutral Current 

Charged current converts the deuteron into 2 protons,  
releasing charged lepton of the same flavor as the neutrino. 
As E << mass of mu or tau, only electron neutrinos participate. 

Neutral current just breaks up the deuteron into n+p. 
The reaction occurs at the same strength for all neutrino flavors. 



Reactor Experiments 
All except KamLAND had L that is too small! 

⇒  Only KamLAND saw oscillations !!! 
⇒  KamLAND established νe disappearance 34 14. Neutrino mixing
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Figure 14.4: The ratio of the background and geoneutrino-subtracted ν̄e
spectrum, observed in the KamLAND experiment, to the predicted one without
oscillations (survival probability) as a function of L0/E, where L0=180 km. The
histograms show the expected distributions based on the best-fit parameter values
from the two- and three-flavor neutrino oscillation analyses. The figure is from
Ref. 131.

14.5. Measurements of |∆m2
A

| and θA

14.5.1. Atmospheric neutrino results :

The interactions in massive underground detectors of atmospheric neutrinos
provide a means of studying neutrino oscillations, because of the large range of
distances traveled by these neutrinos (∼10 to 1.3 × 104 km) to reach a detector on
Earth and relatively well-understood fluxes which are up-down symmetric (except
for geomagnetic effects). Atmospheric neutrinos are produced by the decay of π
and K mesons produced in the nuclear interactions of the primary component of
cosmic rays in the atmosphere. Since pions are dominant and they decay according
to π± → µ± + νµ (ν̄µ), µ± → e± + νe (ν̄e) + ν̄µ (νµ), we have for the ratio of
the fluxes of (νµ + ν̄µ) and (νe + ν̄e) at low energies ( ! 1 GeV) approximately
Φ(νµ + ν̄µ) : Φ(νe + ν̄e) ≈ 2 : 1. More elaborate calculations of the atmospheric neutrino
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First measurement! 

Best measurement today: 

m1
2 −m2

2 ≈ 0.000075eV 2



Current best knowledge 
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Table 14.7: The best-fit values and 3σ allowed ranges of the 3-neutrino
oscillation parameters, derived from a global fit of the current neutrino oscillation
data (from [174]) . The values (values in brackets) correspond to m1 < m2 < m3
(m3 < m1 < m2). The definition of ∆m2 used is: ∆m2 = m2

3 − (m2
2 +m2

1)/2. Thus,
∆m2 = ∆m2

31 − ∆m2
21/2 > 0, if m1 < m2 < m3, and ∆m2 = ∆m2

32 + ∆m2
21/2 < 0

for m3 < m1 < m2.

Parameter best-fit (±1σ) 3σ

∆m2
21 [10−5 eV 2] 7.54+0.26

−0.22 6.99 − 8.18

|∆m2| [10−3 eV 2] 2.43 ± 0.06 (2.38 ± 0.06) 2.23 − 2.61 (2.19 − 2.56)

sin2 θ12 0.308 ± 0.017 0.259 − 0.359

sin2 θ23, ∆m2 > 0 0.437+0.033
−0.023 0.374 − 0.628

sin2 θ23, ∆m2 < 0 0.455+0.039
−0.031, 0.380 − 0.641

sin2 θ13, ∆m2 > 0 0.0234+0.0020
−0.0019 0.0176− 0.0295

sin2 θ13, ∆m2 < 0 0.0240+0.0019
−0.0022 0.0178− 0.0298

δ/π (2σ range quoted) 1.39+0.38
−0.27 (1.31+0.29

−0.33) (0.00 − 0.16) ⊕ (0.86 − 2.00)

((0.00− 0.02) ⊕ (0.70 − 2.00))

phases in the neutrino mixing matrix is available. Thus, the status of CP symmetry in
the lepton sector is unknown. With θ13 ̸= 0, the Dirac phase δ can generate CP violation
effects in neutrino oscillations [43,55,56]. The magnitude of CP violation in νl → νl′ and
ν̄l → ν̄l′ oscillations, l ̸= l′ = e, µ, τ , is determined, as we have seen, by the rephasing
invariant JCP (see Eq. (14.19)), which in the “standard” parametrisation of the neutrino
mixing matrix (Eq. (14.78)) has the form:

JCP ≡ Im (Uµ3 U∗
e3 Ue2 U∗

µ2) =
1

8
cos θ13 sin 2θ12 sin 2θ23 sin 2θ13 sin δ . (14.79)

Thus, given the fact that sin 2θ12, sin 2θ23 and sin 2θ13 have been determined
experimentally with a relatively good precision, the size of CP violation effects in
neutrino oscillations depends essentially only on the magnitude of the currently not well
determined value of the Dirac phase δ. The current data implies |JCP |! 0.040 | sin δ|,
where we have used the 3σ ranges of sin2 θ12, sin2 θ23 and sin2 θ13 given in Table 14.7.
For the best fit values of sin2 θ12, sin2 θ23 and sin2 θ13 and δ we find in the case of
∆m2

31(2) > 0 (∆m2
31(2) < 0): JCP

∼= − 0.032 (− 0.029). Thus, if the indication that

δ ∼= 3π/2 is confirmed by future more precise data, the CP violation effects in neutrino
oscillations would be relatively large.

As we have indicated, the existing data do not allow one to determine the sign of
∆m2

A = ∆m2
31(2). In the case of 3-neutrino mixing, the two possible signs of ∆m2

31(2)
correspond to two types of neutrino mass spectrum. In the widely used conventions of
numbering the neutrinos with definite mass in the two cases, the two spectra read:
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phases in the neutrino mixing matrix is available. Thus, the status of CP symmetry in
the lepton sector is unknown. With θ13 ̸= 0, the Dirac phase δ can generate CP violation
effects in neutrino oscillations [43,55,56]. The magnitude of CP violation in νl → νl′ and
ν̄l → ν̄l′ oscillations, l ̸= l′ = e, µ, τ , is determined, as we have seen, by the rephasing
invariant JCP (see Eq. (14.19)), which in the “standard” parametrisation of the neutrino
mixing matrix (Eq. (14.78)) has the form:

JCP ≡ Im (Uµ3 U∗
e3 Ue2 U∗

µ2) =
1

8
cos θ13 sin 2θ12 sin 2θ23 sin 2θ13 sin δ . (14.79)

Thus, given the fact that sin 2θ12, sin 2θ23 and sin 2θ13 have been determined
experimentally with a relatively good precision, the size of CP violation effects in
neutrino oscillations depends essentially only on the magnitude of the currently not well
determined value of the Dirac phase δ. The current data implies |JCP |! 0.040 | sin δ|,
where we have used the 3σ ranges of sin2 θ12, sin2 θ23 and sin2 θ13 given in Table 14.7.
For the best fit values of sin2 θ12, sin2 θ23 and sin2 θ13 and δ we find in the case of
∆m2

31(2) > 0 (∆m2
31(2) < 0): JCP

∼= − 0.032 (− 0.029). Thus, if the indication that

δ ∼= 3π/2 is confirmed by future more precise data, the CP violation effects in neutrino
oscillations would be relatively large.

As we have indicated, the existing data do not allow one to determine the sign of
∆m2

A = ∆m2
31(2). In the case of 3-neutrino mixing, the two possible signs of ∆m2

31(2)
correspond to two types of neutrino mass spectrum. In the widely used conventions of
numbering the neutrinos with definite mass in the two cases, the two spectra read:
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phases in the neutrino mixing matrix is available. Thus, the status of CP symmetry in
the lepton sector is unknown. With θ13 ̸= 0, the Dirac phase δ can generate CP violation
effects in neutrino oscillations [43,55,56]. The magnitude of CP violation in νl → νl′ and
ν̄l → ν̄l′ oscillations, l ̸= l′ = e, µ, τ , is determined, as we have seen, by the rephasing
invariant JCP (see Eq. (14.19)), which in the “standard” parametrisation of the neutrino
mixing matrix (Eq. (14.78)) has the form:
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µ2) =
1
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cos θ13 sin 2θ12 sin 2θ23 sin 2θ13 sin δ . (14.79)

Thus, given the fact that sin 2θ12, sin 2θ23 and sin 2θ13 have been determined
experimentally with a relatively good precision, the size of CP violation effects in
neutrino oscillations depends essentially only on the magnitude of the currently not well
determined value of the Dirac phase δ. The current data implies |JCP |! 0.040 | sin δ|,
where we have used the 3σ ranges of sin2 θ12, sin2 θ23 and sin2 θ13 given in Table 14.7.
For the best fit values of sin2 θ12, sin2 θ23 and sin2 θ13 and δ we find in the case of
∆m2

31(2) > 0 (∆m2
31(2) < 0): JCP

∼= − 0.032 (− 0.029). Thus, if the indication that

δ ∼= 3π/2 is confirmed by future more precise data, the CP violation effects in neutrino
oscillations would be relatively large.

As we have indicated, the existing data do not allow one to determine the sign of
∆m2

A = ∆m2
31(2). In the case of 3-neutrino mixing, the two possible signs of ∆m2

31(2)
correspond to two types of neutrino mass spectrum. In the widely used conventions of
numbering the neutrinos with definite mass in the two cases, the two spectra read:
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we get at 3σ level: Using (see homework!!!): 

and as best fit value: 
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(m3 < m1 < m2). The definition of ∆m2 used is: ∆m2 = m2

3 − (m2
2 +m2

1)/2. Thus,
∆m2 = ∆m2

31 − ∆m2
21/2 > 0, if m1 < m2 < m3, and ∆m2 = ∆m2

32 + ∆m2
21/2 < 0

for m3 < m1 < m2.

Parameter best-fit (±1σ) 3σ

∆m2
21 [10−5 eV 2] 7.54+0.26

−0.22 6.99 − 8.18

|∆m2| [10−3 eV 2] 2.43 ± 0.06 (2.38 ± 0.06) 2.23 − 2.61 (2.19 − 2.56)

sin2 θ12 0.308 ± 0.017 0.259 − 0.359

sin2 θ23, ∆m2 > 0 0.437+0.033
−0.023 0.374 − 0.628

sin2 θ23, ∆m2 < 0 0.455+0.039
−0.031, 0.380 − 0.641

sin2 θ13, ∆m2 > 0 0.0234+0.0020
−0.0019 0.0176− 0.0295

sin2 θ13, ∆m2 < 0 0.0240+0.0019
−0.0022 0.0178− 0.0298

δ/π (2σ range quoted) 1.39+0.38
−0.27 (1.31+0.29

−0.33) (0.00 − 0.16) ⊕ (0.86 − 2.00)

((0.00− 0.02) ⊕ (0.70 − 2.00))

phases in the neutrino mixing matrix is available. Thus, the status of CP symmetry in
the lepton sector is unknown. With θ13 ̸= 0, the Dirac phase δ can generate CP violation
effects in neutrino oscillations [43,55,56]. The magnitude of CP violation in νl → νl′ and
ν̄l → ν̄l′ oscillations, l ̸= l′ = e, µ, τ , is determined, as we have seen, by the rephasing
invariant JCP (see Eq. (14.19)), which in the “standard” parametrisation of the neutrino
mixing matrix (Eq. (14.78)) has the form:

JCP ≡ Im (Uµ3 U∗
e3 Ue2 U∗

µ2) =
1

8
cos θ13 sin 2θ12 sin 2θ23 sin 2θ13 sin δ . (14.79)

Thus, given the fact that sin 2θ12, sin 2θ23 and sin 2θ13 have been determined
experimentally with a relatively good precision, the size of CP violation effects in
neutrino oscillations depends essentially only on the magnitude of the currently not well
determined value of the Dirac phase δ. The current data implies |JCP |! 0.040 | sin δ|,
where we have used the 3σ ranges of sin2 θ12, sin2 θ23 and sin2 θ13 given in Table 14.7.
For the best fit values of sin2 θ12, sin2 θ23 and sin2 θ13 and δ we find in the case of
∆m2

31(2) > 0 (∆m2
31(2) < 0): JCP

∼= − 0.032 (− 0.029). Thus, if the indication that

δ ∼= 3π/2 is confirmed by future more precise data, the CP violation effects in neutrino
oscillations would be relatively large.

As we have indicated, the existing data do not allow one to determine the sign of
∆m2

A = ∆m2
31(2). In the case of 3-neutrino mixing, the two possible signs of ∆m2

31(2)
correspond to two types of neutrino mass spectrum. In the widely used conventions of
numbering the neutrinos with definite mass in the two cases, the two spectra read:
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I.e. about ~3% CP violation 

Though, measurement of dirac phase is very soft. 
CP violation could be a lot smaller !!! 



Two Possible Mass Hierarchies 



Implications 

•  Normal Hierarchy: 
– Highest mass neutrino has almost no electron 

component. 
•  very small impact on tritium beta decay 

– m3 ~ 50 milli eV and m2 ~ 9 milli eV if m1 = 0 
•  Inverted Hierarchy: 

– Highest mass neutrino(s) have lot’s of electron 
component. 

•  will have large impact in tritium endpoint spectrum 
–   m1,m2 ~ 50 milli eV while m3 = 0 



Measuring the absolute neutrino 
mass from Tritium beta decay 

The general theory of �-decay describes the shape of the energy of the electron emitted from the
decay by the equation

dN

dEe
= Cp(E +me)(E0 � Ee)

p
(E0 � Ee)2 �m2

⌫F (Ee)✓(E0 � Ee �m⌫)

where C is just a normalisation constant, me is the electron mass, Ee is the electron energy, and E0

is the maximum allowable energy for the electron from the decay kinematics, and is called the end

point. The function F (Ee) is called the Fermi function, and takes it account the interactions of the
electron with the electromagnetic field of the daughter nucleus. The final term, ✓(E0�Ee�m⌫), just
imposes energy conservation. This spectrum can be seen in 2(a). A non-zero neutrino mass has the
e↵ect of changing the slope of the curve slightly, and also changing the maximum allowable energy
given to the electron. This is shown in 2(b) which shows the di↵erence in the shape of the spectrum
between a zero neutrino mass and a mass of 1 eV.

Figure 2: (a) The shape of the electron energy spectrum in �-decay. (b) The e↵ect of a non-zero
neutrino mass on the endpoint of the spectrum.

Direct measurements search for the slight di↵erence in shape right at the endpoint of the spectrum
which may be indicative of a non-zero neutrino mass. They are di�cult experiments to do, and can
only be done under a restrictive set of conditions :

• The number of electrons near the end point of the spectrum is usually small, so the statistical
error is large. In general, an isotope which has a small end point is better as the fraction of
electrons near the endpoint is larger.

• The detector should have extremely good electron energy resolution.

• The � source shouldn’t be thick. Once emitted from the decay, the electron could lose energy as
it travelled through the source, biasing the measurement. Ideally the source should be a single
layer of atoms. However this would lead to a very low event rate. The best thing to do is find
a gaseous source - this combines low density so minimal energy loss, with a reasonable number
of source atoms to decay.

• The end point of the spectrum is sensitive to lots of atomic and nuclear e↵ects, excited state
transitions and other rarer e↵ects. When looking for an already rare signal, one wants an isotope
which doesn’t have as many of these nuclear e↵ects which would distort the endpoint and be
di�cult to understand.
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A massive neutrino means that the kinematic endpoint of 
the electron energy spectrum in beta decay is at smaller energy. 

2.2 Tritium �-decay Current Direct Neutrino Mass Experiments

Interestingly, the total count rate in the last 10 eV below E0, which we can take as a measure of
our energy region of interest for determining the neutrino mass, is increases with regard to E0. This
increase is caused by the larger phase space for the �-electron. From Fig. 4 one might argue that
the endpoint energy does not play a significant role in selecting the right �-isotope, but we have
to consider the fact that we need a certain energy resolution �E to determine the neutrino mass.
Experimentally it makes a huge di↵erence, whether we have to achieve a certain �E at a low energy
E0 or at a higher one. Secondly, the �-electrons of no interest with regard to the neutrino mass could
cause experimental problems (e.g. as background or pile-up) and again this argument favors a low E0.

2.2 Tritium �-decay

The heaviest of the hydrogen isotopes tritium undergoes �-decay

3H ! 3He
+
+ e� + ⌫̄e (23)

with a half-life of 12.3 y. Tritium and Helium-3 are mirror nuclei of the same isospin doublet, therefore
the decay is super-allowed. Thus the nuclear matrix element for tritium is close to that of the �-decay
of the free neutron and amounts to [17]

|M2
nucl(tritium)| = 5.55 (24)

With an endpoint energy of 18.6 keV it has one of the lowest endpoints of all � emitters together
with a reasonable long half-life. Its super-allowed shape of the �-spectrum and its simple electronic
structure allow the tritium �-spectrum to be measured with small systematic uncertainties.

The recoil correction for tritium is not an issue. Up to now all tritium �-decay experiments used
molecular tritium, which give a maximal recoil energy to the daughter molecular ion of Erec, max =
1.72 eV. Even for the most sensitive tritium �-decay experiment, the upcoming KATRIN experiment
(see section 4.1), the maximum variation of Erec over the energy interval of investigation (the last
30 eV below the endpoint) amounts to �Erec = 3.5 meV only. It was checked [29] that this variation
can be neglected and the recoil energy can be replaced by a constant value of Erec = 1.72 eV, yielding
a fixed endpoint according to equation (15).

Furthermore, one may apply radiative corrections to the spectrum [30, 31]. However, they are
quite small and would influence the result on m2(⌫e) even for the KATRIN experiment only by few
a percent of its present systematic uncertainty. One may also raise the point of whether possible
contributions from right-handed currents might lead to measurable spectral anomalies [32, 33]. It
has been checked that the present limits on the corresponding right-handed boson mass [26] rule out
a sizeable contribution within present experimental uncertainties. Even the forthcoming KATRIN
experiment will hardly be sensitive to this problem [34, 35].

Concerning the calculation of the electronic final states according to equation (17) we have to
consider molecular tritium since all tritium �-decay experiments so far have been using molecular
tritium sources, containing the molecule T2. The wave functions of the tritium molecule are much
more complicated, since in addition to two identical electrons they comprise also the description of
rotational and vibrational states, which may be excited during the �-decay as well. Figure 5 shows
a recent numerical calculation of the final states of the T2 molecule. The transition to the electronic
ground state of the 3HeT+ daughter ion as well as the transition to higher excited electronic states are
not sharp in energy, but broadened due to rotational-vibrational excitations. More recent calculations
agree with these results [36, 37].
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half live = 12.3 years 



Neutrino mass and hierarchy 
Current Direct Neutrino Mass Experiments

Figure 2: Observables of neutrinoless double �-decay mee (open blue band) and of direct neutrino mass
determination by single �-decay m(⌫e) (red) versus the cosmologically relevant sum of neutrino mass
eigenvalues

P
m(⌫i) for the case of normal hierarchy (left) and of inverted hierarchy (right). The width

of the bands/areas is caused by the experimental uncertainties (2�) of the neutrino mixing angles [25]
and in the case of mee also by the completely unknown Majorana- and CP-phases. Uncertainties of the
nuclear matrix elements, which enter the determination of mee from the measured values of half-lives
or of half-live limits of neutrinoless double �-decay, are not considered.

Here the neutrino is not observed but the charged decay products are precisely measured. Using
energy and momentum conservation the neutrino mass can be obtained. In the case of the
investigation of a �-spectrum usually the “average electron neutrino mass” m(⌫e) is determined
(see equation (20) in the next subsection):

m(⌫e)
2 :=

X
|U2

ei|m(⌫i)
2 (2)

In contrast to mee in neutrinoless double �-decay (see equation (1)), this sum averages over all
neutrino mass states m(⌫i) contributing to the electron neutrino and no phases of the neutrino
mixing matrix U enter. The decay into the di↵erent neutrino mass eigenstates ⌫i add incoher-
ently, which we will discuss in more detail for the neutrino mixture to sterile neutrinos in section
2.1.

Figure 2 demonstrates that the di↵erent methods are complementary to each other and compares
them.

This chapter is structured as follows: In subchapter 2 the neutrino mass determination from the
kinematics of �-decay is described. Subchapter 3 presents the analysis of the spectrum of neutrinos
from supernova SN1987a and the recent �-decay experiments in search for the neutrino mass scale.
In subchapter 4 an overview of the present KATRIN experiment is given. New approaches to directly
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9 meV 

50 meV 

In the normal hierarchy the electron neutrino created via weak 
interaction (beta) decay does not have a significant contribution 
from the highest neutrino mass eigenstate, and thus no significant 
impact on the measurable endpoint spectrum. 



Current limits on neutrino mass 

•  From Tritium beta decay: < 2eV 
•  From Cosmological measurements on the sum 

of neutrino masses: < 0.23 eV 
– Planck from CMB < 0.66 eV  
– BOSS from Baryon Acoustic Oscillations < 0.23 eV 

Expected Progress within next 10 years 

•  KAREN tritium beta decay ~ 0.2 eV 
•  CMB & BAO via CMB-S4 and DESI ~ 0.016 eV 



Things we have not discussed yet. 

•  Majorana Neutrinos -> see homework 
•  “Size of CP violation” -> see homework 
•  Getting well collimated E via off-axis -> see 

homework 
•  Reactor neutrinos and sintheta13 -> see 

homework 
•  Resolving the mass hierarchy -> some of this in 

next lecture. 


